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Since they were first developed over ten years ago, membraneless laminar-flow electrochemical cells have attracted considerable attention. [1] [2] [3] [4] [5] Compared to traditional electrochemical cells, these systems eliminate the need for a membrane by relying on laminar flow and the slow molecular diffusion of reactants to ensure separation of the two half-reactions. Significant cost reductions go along with removing the membrane, which has been estimated to account for between 22% and 40% of the overall stack cost, making it the single most expensive stack component. [6] [7] [8] In addition, the balance of plant is simplified by avoiding any membrane hydration requirements. Chemical limitations imposed by the membrane are also eliminated, allowing for the use of a wide range of electrolytes, fuels, oxidants, and catalysts. [9] [10] [11] [12] [13] [14] The inherent advantages of this technology for micro and smallscale mobile power applications were identified early in the development of these systems, 1 but the mass transfer limitations present in these devices have limited their overall power density and applicability. A number of new concepts have been incorporated to improve performance, including porous separators to minimize crossover, 13, 15 air-cathodes to enhance oxygen transport, 16 patterned electrodes to enhance chaotic mixing, 17, 18 and flow-through porous electrodes to enhance fuel utilization, [1] [2] [3] [4] [5] 19, 20 but the fundamental limitations of the technology largely remain. Previous efforts to model laminar flow systems have focused on either channel geometry and flow optimization, 6, [21] [22] [23] or more detailed examination of the impact of reactant crossover and diffuse charge. [9] [10] [11] [12] [13] [14] 24, 25 However, these models have required computationally intensive numerical techniques, with solutions requiring as much as several hours of processor time to compute, and they provide limited analytical insights.
The purpose of this work is to derive accurate scaling laws and theoretical guidelines that can be applied to the future design of membraneless electrochemical cells. The ability of these systems to maintain reactant separation is of particular importance, and previous work has independently established scaling laws for mixing colaminar flow in microchannels. 1, [26] [27] [28] [29] [30] We present numerical and approximate analytical solutions of a general mathematical model that couples these scaling laws to a Nernst-Planck description of ion transport. The theory is developed for laminar electrochemical cells with Poiseuille or plug flow between flat electrodes, but the model equations could be applied to any fluidic architecture with appropriate flow profiles.
The general theory is illustrated by successful application to the Hydrogen Bromine Laminar Flow Battery (HBLFB). 13, 15, 27, 29 Although the theory can be applied to a range of systems, the HBLFB makes for an appealing model system for two major reasons. Firstly, the reaction kinetics for both half-cell reactions in the HBLFB are sufficiently fast and reversible that activation overpotentials are minimal for both charging and discharging, emphasizing mass transport and ohmic losses in the system. Secondly, the HBLFB is the only membraneless laminar flow electrochemical system for which there exists sufficient published polarization data to validate the theory for both charging and discharging. 31 HBLFB uses a membrane-less laminar flow design with aqueous bromine serving as the oxidant and gaseous hydrogen as the fuel. The system is reversible, producing hydrobromic acid in discharge mode and recovering bromine and hydrogen in charging mode, with high round-trip efficiency. Although this system differs from many existing membraneless electrochemical cells in that it uses a liquid oxidant and gaseous fuel, the rapid reaction kinetics at both electrodes minimize activation losses and make for an appealing model system. These characteristics have also been shown to allow the HBLFB to achieve power densities as high as 794 mW/cm 2 , with a round-trip voltage efficiency of 90% at 25% of peak power in its first iteration. 16, 32 The full model in two dimensions can be solved numerically using finite elements to predict the performance of the HBLFB, as well as to better understand the sources of loss and how they can be mitigated. The focus of this work, however, is to derive simple, but accurate, approximate solutions by boundarylayer analysis, which can be used to quickly establish the relative importance of the various sources of loss and interpret experimental data. Analogous efforts have been made to describe the performance of membrane-based fuel cells, 33, 34 and although there has been some work analyzing the current-voltage behavior of laminar flow electrochemical cells, this appears to be the first study to provide closed-form analytical solutions. 17, 18, 35 By accurately predicting the behavior of the HBLFB with minimal computational expense, the analytical model can serve as a guide for future design of laminar flow electrochemical cells.
Mathematical Model
The laminar flow electrochemical cell consists of two flat electrodes with flowing electrolyte separating them. The flow within the channel is assumed to be fully developed and laminar. The length of the channel L is assumed to be much greater than the spacing h between the electrodes or the channel width w, so that edge effects can be neglected. Two canonical cases of unidirectional flow are considered. In the first case, h w, so the flow is roughly uniform in the z direction, and adopts a parabolic velocity profile between the electrodes as shown in Figure 1a . the velocity profile can be depth-averaged in the z direction to arrive at a uniform velocity profile between the electrodes as shown in Figure 1b . This Hele-Shaw type flow can generally be described as a potential flow. There is a third case, in which a channel of arbitrary shape contains a porous medium, and the flow obeys Darcy's Law. The flow can be treated in the same manner as the potential flow case, as shown in Figure 1c . Ion transport is governed by the Nernst-Planck equations, which predict concentration polarization, leading to variations in bulk conductivity. 28 The electrostatic potential is determined by bulk electroneutrality across the entire channel, since the typical channel dimensions (∼100 micron-1 cm) are much larger than the Debye screening length (∼1 nm) for aqueous electrolytes with concentrations of 0.1 M or greater, as is the case with the HBLFB. 28 For such thin Debye lengths approaching the molecular scale, Frumkin effects of double-layer charge on reaction kinetics can also be neglected, 36, 37 although they can be important, along with electro-osmotic flows and capacitive electrode charging, in microfluidic cells at lower salt concentrations 24, 35, 38 and in traditional fuel cell membranes [39] [40] [41] and porous electrodes. 41, 42 Moreover, in the situations considered here limited by mass transfer in the bulk electrolyte, reaction kinetics are sufficiently fast to obviate the need for more complicated models of the electrode interfaces.
The thermodynamics of the system are described by dilute solution theory. For common reactants, electrolytes, and concentrations in the range of 1-3 M, activity coefficients are near unity, so dilute solution theory can be applied with no loss in accuracy. 43 As bromine concentrations increase and polybromide complexes form, the activity coefficient for bromine drops below one, and the assumptions required for dilute solution theory break down. It would be straightforward to account for the impact of non-unity activity coefficient or additional charged species on transport 28 and reaction kinetics 44 in numerical simulations, but analytical progress would be more difficult.
Example: hydrogen bromine laminar flow battery.-For the HBLFB during discharge, the two half-cell reactions are the oxidation of hydrogen at the anode, and the reduction of bromine at the cathode.
Anode :
For the purpose of this work, the electrodes are assumed to be thin so the reactions can be treated as heterogeneous. A microporous anode is assumed to provide sufficient hydrophobicity such that it creates a thin interface between liquid electrolyte in the open channel and gaseous hydrogen in the electrode. Therefore, no gas intrudes into the channel, and no liquid intrudes into the electrode. The entire cell is assumed to be isothermal and isobaric at standard temperature and pressure. The electrolyte is assumed to be quasineutral at high salt concentration, and reaction kinetics are typically fast compared to bulk diffusion. 38 Reaction rate constants are estimated based on values quoted in the literature, although because activation losses are minimal in this system, the model is not sensitive to these values. 45 The relevant parameters and their nominal values are listed in Table I .
Governing equations in the electrolyte.-The species present in the channel are the reactant bromine and the product hydrobromic acid. The geometry of the channel is shown schematically in Figure 1a , so fluid flow is assumed to be fully developed Poiseuille flow in a channel, and is treated as a model input.
Reactions occur only at the boundaries, so species and current conservation is maintained within the channel. Species flux N i and ionic current J can be expressed by applying dilute solution theory and using the Nernst Planck equations in terms of the parameters listed in Table I , species concentrations c i , and dimensionless ionic potentialφ, scaled to the thermal voltage RT /F.
Because electroneutrality and a binary electrolyte are assumed, the concentration of protons and bromide ions are equal, and the governing equations can be simplified by defining an ambipolar diffusion 
Anode boundary conditions.-The anode is assumed to be exposed to isobaric hydrogen at standard temperature and pressure, so the anode itself is not explicitly included in the model. However, the potential drop across the interface between the grounded anode and the electrolyte determines the ionic potential ϕ at the boundary y = h. The potential drop is a function of the equilibrium half-cell potential ϕ eq a , modeled by the Nernst equation, and activation overpotential η a , modeled by the symmetric Butler-Volmer equation. Hydrogen oxidation/evolution is accomplished with 0.5 mg/cm 2 loading of platinum at the anode to ensure rapid reaction kinetics, and to be consistent with existing best practices. 47-50 These quantities are coupled to both the local acid concentration c HBr and the local current density j =n · J normal to the boundary.
Because the hydrogen concentration is assumed to be constant, it does not appear in these three equations, which can be combined to form a coupled, nonlinear boundary condition for potential at y = h, and simplified by noting that standard potential at the anode is zero volts referenced to the standard hydrogen electrode.
Faraday's Law determines species conservation by noting that at the anode, the active species is protons, while the bromide ions are static, and, assuming there is no crossover, bromine plays no role in the reaction.
These equations for bromide and proton flux can be combined using the ambipolar diffusion coefficient.
Cathode boundary conditions.-The cathode adds in the consumption of bromine, but is otherwise very similar to the anode. The potential boundary condition at y = 0 reflects the concentration dependent and spatially varying equilibrium potential of the bromine reduction reaction, ϕ eq c , and the non-zero cathode potential, ϕ cell , which is a model input parameter.
This expression can be rewritten as a coupled, nonlinear, mixed boundary condition by combining the impact of bromine activity with the equilibrium potential and activation overpotential. As discussed earlier, dilute solution theory is assumed with reference conditions of 1 molar bromine and 1 molar hydrobromic acid, such that species activity is equal to species concentration.
Faraday's Law again describes species conservation, and the species flux can be expressed as an effective ambipolar flux by observing that the active species at the cathode is the bromide ion, with no contribution from protons. An interesting aspect of this result is that although the ionic flux at the cathode and anode are identical for a given current, the apparent ambipolar flux at the cathode is larger due to the slower diffusion of bromide ions relative to protons.
The standard potential of aqueous bromine is known to be 1.087 V. 43 However, in the presence of bromide ions, bromine complexes into tribromide with an equilibrium coefficient of 17 L/mol. 51 At the concentrations probed in this study, tribromide replaces bromine as the dominant reactant species in the oxidant stream. Past efforts with numerical simulations have attempted to model how homogeneous reactions between bromine and tribromide affect the behavior of bromine reduction. However, these simulations are only tractable under very limited circumstances and are completely dependent on the uncharacterized relationship between the reaction rate constants governing tribromide formation and those governing bromine reduction. 52 For the purpose of this work, this question is addressed by using the standard potential and diffusion coefficient for tribromide ions in place of bromine. 43, 53 Inlet and outlet boundary conditions.-Electroneutrality dictates that zero flux boundary conditions are applied for the ionic potential at both the inlet and the outlet. At the outlet, zero diffusive flux boundary conditions are applied to both species. At the inlet, Dirichlet boundary conditions are imposed on both species. A constant initial acid concentration is applied to the entire inlet. The bromine is hydrodynamically focused to form a thin layer near the cathode by fixing an electrolyte to oxidant flow ratio of 10:1. For Poiseuille flow in a channel, this corresponds to an oxidant layer thickness of y * = 0.186h at the inlet.
Boundary Layer Analysis
The full model can be solved numerically with finite-element discretization (using COMSOL Multiphysics software, Burlington, MA), and results are given below. The numerical solution is valuable in that it allows for a deconstruction of the source of loss, and provides a tool to predict and understand the performance of experimental systems. However, it is computationally expensive to perform these simulations, with complete polarization curves often taking many hours to compute on a 2.4 GHz quad-core Intel processor. It would be desirable to derive simple formulae to immediately predict the performance and behavior of any laminar flow system with no specialized computational hardware or software. This can be done by boundary-layer analysis for forced convection in the cases of plug flow and Poiseuille flow discussed earlier. 36 The simplest case to consider is a cell with fast reactions and highly conductive electrolyte operating at limiting current. In this case, reactant flows into the cell at x = 0 with a constant concentration and is quickly consumed at the electrode at y = 0, so the reactant concentration there is zero. Next, these assumptions are lifted, and the analytical approximation is extended to under-limiting current and finite electrolyte conductivity, while maintaining good accuracy over a wide range of system parameters.
Plug flow.-This problem is a special case of advection-diffusion in potential flow past a slipping adsorbing boundary, 54, 55 which has been studied recently in the context of solidification from a flowing melt 56 and particle aggregation or electrodeposition from flowing solutions. 57 Here, potential flow can be justified if the flow channel is either filled with an uncharged porous medium or thin in the transverse (z) direction (w h, L), like a single two-dimensional pore, or Hele-Shaw cell as shown in Figures 1b-1c . In both cases, the flow is governed by Darcy's law and the fluid pressure acts as a velocity potential so long as capillary effects can be neglected, which is the case in systems like the HBLFB where there are no phase boundaries within the channel. Although the assumption of plug flow may seem restrictive, the same solution can be conformally mapped to any geometry of potential flow in two dimensions, such as curved, bent, corrugated or rough channels. [41] [42] [43] This mathematical transformation, based on the conformal invariance of the Nernst-Planck equations with advection in potential flow, 54 preserves the scaling relationships derived below and underscores the generality of the boundary-layer theory.
To clarify scalings and simplify the analysis, the governing equation for reactant transport is made dimensionless by defining the Peclet number as Pe = U h/D i , along with the dimensionless position (x,ỹ) = (x/L , y/ h), concentrationc i = c i /c 0 i , and channel aspect ratio β = L/ h. In the relevant limit of large Peclet numbers, advection dominates diffusion in the axial direction after a very short entrance region, x D i /U , orx (βPe) −1 . All dimensionless variables are delineated with a tilde. The advection-diffusion equation shown in Equation 4 then takes a very simple form,
which is equivalent to the transient diffusion equation, where the distance traveled downstream in the plug flow is analogous to time for transverse diffusion between the electrodes. The appropriate dimensionless variable is the axial position,x =ˆx β Pe = x/x e , scaled to the entrance length, x e = U h 2 /D i , for forced convection. 58 The classical spreading solution of the diffusion equation yields a similarity solution for the reactant concentration, [54] [55] [56] 
The solution describes a 99% depletion boundary layer of dimensionless thickness,δ = 3.64 √x , having a parabolic shape,x ∼ỹ 2 . Faraday's law can then be used to relate the reactant flux to the electrode to the local dimensionless current densityJ = h j/n D i Fc 0 i in a pointwise manner along the length of the channel in terms of the number of moles of electrons transferred per mole of reactant n.
Poiseuille flow.-Next we consider viscous flow in a free electrolyte channel between the electrodes. If the electrode spacing is much thinner than the channel width, then fully developed, unidirectional flow can be assumed with a parabolic Poiseuille flow profile. At sufficiently high Peclet numbers, the depletion layer of reactant near the electrode is thin relative to the electrode spacing, and the quadratic term in the flow profile can be neglected to simplify the advection diffusion equation. The equation can be simplified further by neglecting axial diffusion, as was done in the plug flow case.
6Pe βỹ
This approximation for the advection-diffusion boundary layer in viscous shear flow at a no-slip surface was first proposed by Lévêque 58, 59 who obtained an exact solution widely used in theories of heat and mass transfer by forced convection 58 and electrodialysis. 46 The solution can be written in terms of the incomplete gamma function, (s, a).
The 99% boundary layer thickness now scales as the cube-root of the axial position,δ = 1.11 3 √x . Faraday's law can again be applied to this result to derive the local dimensionless limiting current distribution in terms of the complete Gamma function (a) using the same scaling as in the case of plug flow. A highly conductive electrolyte and fast reactions are assumed, therefore cell voltage will not change significantly until limiting current is reached, so the power of the system will be proportional to the limiting current.
J lim (x) = 3 18
x,
The inverse cube root behavior of the limiting current along the length of the electrode is a general consequence of the boundary layer scaling noted above 27, 29, 36 and also arises in the theory of electrodialysis. 46 The same analysis also generally relates the dimensionless flux in heat transfer (Nusselt number) or mass transfer (Sherwood number) to the Peclet number for forced convection in the entrance region of a pipe. 58 It stands in contrast to the inverse square root behavior of current density in the plug flow case, but in both cases, there is a maximum in current density near the inlet of the cell, followed by a gradual drop off along the length of the channel. Both of these results can also be integrated along the length of the channel to determine the average limiting current density, as shown in Table II . Although exact conformal invariance does not hold for viscous flow, the same scaling relationships also apply to advection-diffusion viscous flows in more complicated geometries. 58 Reactant crossover.-The absence of a physical barrier between the electrodes makes reactant crossover a primary concern in membraneless systems. The growth of the mixing layer in a laminar channel as reactants diffuse away from their respective electrodes into the separating electrolyte has been well described before, and can be directly applied here. 29 In the case of plug flow, there is no local strain rate, so the mixing region grows asδ m = 3.64 √x everywhere in the channel. This results in a maximum channel aspect ratio to ensure that the mixing region does not reach across the channel. β mixing 0.0755 Pe [18] 
Hydrogen crossover from anode to cathode can be treated similarly, albeit with a slightly different Peclet number to reflect the slightly faster diffusion of hydrogen in water compared to bromine. In reality, neither of these effects are major limitations on system design. In the example of the HBLFB, the channel would have to be almost a meter long before mixing became an issue.
The situation is more complicated for Poiseuille flow due to the variable strain rate across the channel. Near the center of the channel, the flow is nearly uniform, and the mixing region grows asδ m ∼ √x , just like the plug flow case. However, as the mixing region nears the edges, the strain rate increases and the mixing region slows down tõ δ m ∼ 3 √x . Numerical methods are required to solve for the intermediate regions between these two limits, 27, 29 but mixing region growth will be bounded by the plug flow case, and can again be ignored for most systems.
Coulombic efficiency.-In a real system, coulombic efficiency is also a significant concern, since low coulombic efficiency hurts overall energy efficiency. Coulombic efficiency γ is defined as the ratio of reactant consumed at the electrode to total reactant flux into the channel, and can be expressed in terms of the initial location of the reactant electrolyte interface,ỹ * . For the case of plug flow,
. [19] Comparing Equation 19 with the average current density in Table II shows that there is a tradeoff between coulombic efficiency and limiting current density. Increasing the Peclet number or decreasing the aspect ratio will increase limiting current at the same rate that it decreases coulombic efficiency, such that their product is a constant.
As long as cell voltage is not heavily influenced by ohmic losses, this results in a balancing act between power and utilization. This inherent compromise must be considered in the design of any membraneless electrochemical cell. A similar analysis can be performed for Poiseuille flow, with the results for a thin reactant layer summarized in Table II . As in the case of plug flow, an increase in current always results in a decrease in utilization.
Regardless of the flow profile, decreasingỹ * has the immediate effect of increasing utilization up to the point where the depletion boundary layerδ is thicker than the reactant layerỹ * . This places an easily calculable upper limit on coulombic efficiency.
Under-limiting current.-In any type of flow, the boundary-layer theory for limiting current can be extended to more completely describe an electrochemical flow cell by allowing for under-limiting current and finite electrolyte conductivity, which to our knowledge has not been done before. For the case of the HBLFB, activation losses are assumed to be small, an assumption justified by Figure 3 , but the technique described here could easily be modified to account for activation losses. As long as the current density in the channel remains one-dimensional, the system can be described by a local current-voltage relation expressed in terms of dimensionless potential ϕ = Fϕ/RT and conductivityσ = RT σ/n D i F 2 c 0 i . For the reacting bromine in the HBLFB, n = 2.
If the conductivity becomes large, and the cell potential goes to a large negative value, Equation 21 returns the limiting current result from Equations 17 for Poiseuille flow. At finite cell potential and conductivity, the structure of the boundary layer is such that the local surface concentration changes slowly along the length of the channel relative to how it changes moving into the channel, so at every point along the electrode, the local current density can be expressed in terms of the local cathode surface concentration and the limiting current density summarized in Table II . [22] Solving forc Br2 (x) and substituting the result back into Equation 21 yields a current-voltage relation that can be implicitly solved for every point along the electrode.
Equation 23 represents a general current-voltage relation for any laminar flow electrochemical cell with rapid ion removal at a surface. Since this relation is determined by ion transport to an adsorbing surface, the same fundamental result, using the appropriate ionic species in Equations 21-22, could also be applied to electrodialysis in Poiseuille flow, 60 shock electrodialysis in plug flow 61 or any other membrane-based ion removal process in cross flow. The expression could be modified further to include anode concentration polarization or activation overpotential with no loss of generality. The impact of the flow profile on this expression is through the limiting current term, which can be specified to reflect the particular electrochemical cell being examined.
Results and Discussion
The HBLFB provides an example of a reversible membrane-less electrochemical cell with which to validate the theory presented in this work. In a recent article, 31 it was shown that numerical solutions of the full two-dimensional model provide an excellent fit to experimental current-voltage data for different flow rates and bromine concentrations for both charging and discharging of the cell. Our focus here is on testing the accuracy of the simple analytical expressions derived above by boundary layer analysis and discussing general engineering principles for membrane-less laminar flow electrochemical cells.
Under the conditions specified in Table I , the numerical solution can be used to predict the concentration of bromine and hydrobromic acid in the channel, as shown in Figure 2 . Hydrobromic acid flows into the cell at a concentration of 1 M, and enrichment layers develop at both electrodes along the length of the channels. The enrichment is greater at the cathode than the anode due to the asymmetry in diffusion coefficients between the bromide ions generated at the cathode and the protons generated at the anode. A bromine depletion layer develops along the cathode where bromine is consumed, while a mixing region develops at the top of the bromine layer as bromine diffuses into the electrolyte. Eventually, these two regions begin to overlap, resulting in bulk depletion of the bromine. This is desirable from a reactant utilization perspective, since it means that a large fraction of the bromine is being consumed, but violates the analytical assumption that the bromine concentration is uniform far away from the cathode surface.
Another important result is that the current density drops rapidly along the length of the channel. Both the numerical and analytical models accurately predict this effect, as shown in Figure 3a . This behavior is in stark contrast to traditional membrane-based electrochemical systems where serpentine flow fields and other means are used to ensure that current density is approximately constant along the entire active area. This drop in current is due predominantly to the depletion of bromine at the cathode, as shown in Figure 3b . One implication of this behavior is that the diffusion of acid away from the electrodes eventually becomes faster than the generation of acid at the electrodes. The result is a maximum acid concentration near the channel inlet followed by a gradual reduction in acid concentration along the rest of the channel.
High electronic conductivity within the current collectors ensures that the anode and cathode potentials are constant along the length of the channel, but the large variations in reactant surface concentrations and current density mean that the source of losses varies strongly. Losses can be grouped into three categories: activation, concentration, and ohmic. Activation overpotential is the potential required to drive charge transfer at the electrodes, concentration polarization describes the variation in equilibrium potential from standard conditions due to the enrichment or depletion of reactants and products at the electrodes, and ohmic loss is simply the potential drop across the electrolyte.
These three sources of loss can be compared to each other along the length of the channel. These results are shown in Figure 3c , and confirm that activation overpotential is negligible as a result of the rapid reaction kinetics of both the bromine reduction reaction and the hydrogen oxidant reaction. This justifies ignoring activation losses in the analytical model. As expected, the strong spatial variation in species concentration and current density leads to variation in the source of loss along the length of the electrode, with ohmic losses dominating in the inlet region of the channel and concentration polarization rapidly building up toward the end of the channel. There is excellent agreement between the analytical and numerical predictions for ohmic and concentration losses along the length of the channel, which illustrates the predictive power of a lightweight analytical model to describe a numerically complex system.
The local current distribution predicted by the analytical and numerical models can also be integrated to calculate the average current density as a function of cell voltage. Because the analytical model treats only the dominant sources of loss-concentration polarization and ohmic losses-only four parameters are required to determine the analytical dimensionless current-voltage relation: aspect ratio, conductivity, Peclet number, and standard potential. For the purpose of this study, flow rate and reactant concentration are treated as model inputs. Figure 4a plots the predicted and observed current-voltage relation for the HBLFB during discharge as the Peclet number is varied from 5,000 to 15,000. The analytical model, which ignores activation overpotential completely, overestimates cell voltage at low current densities, but limiting current density is well described over a range of Peclet numbers.
The HBLFB employs reversible reactions at both electrodes, so both the analytical and numerical models can be easily applied to the cell during charging as well as discharging. Both the hydrogen oxidation reaction and the bromine reduction reaction are known to be reversible, so both models can equally be applied to the case of charging. If an external current is applied the cell, the electrodes switch function so that hydrogen is evolved at the cathode, and bromine at the anode. Figure 4b plots the analytical, numerical, and experimental current-voltage relations for the HBLFB during charging as the electrolyte concentration is varied. Again, the analytical theory slightly overpredicts performance at intermediate voltages compared to the numerical simulation. The disparity is likely due to the enrichment of bromine along the anode resulting in an increase in cell voltage in the numerical simulation that is not considered in the analytical theory. Experimental data displays slightly higher limiting current than predicted, which is most likely due to the presence of side reactions at high voltage. The formation of polybromides that occurs at high concentrations could also contribute to this behavior, and is not considered in either model. 51 This analysis can also be applied with no lack in generality to existing membraneless electrochemical systems. For example, Da Mota et al. have recently demonstrated a membraneless borohydride/cerium fuel cell that employs chaotic mixing to enhance its limiting current density. 13 When the chaotic element was removed, the authors observed limiting current densities of approximately 60 mA/cm 2 and 140 mA/cm 2 for flow rates of 0.5 mL/min and 3.0 mL/min, respectively. This result can be accurately predicted by employing literature Table I . Numerical results are shown as solid lines, with the analytical model overlaid as dashed lines. The dimensionless current density in the channel drops rapidly from a maximum at the inlet due to the sharply dropping bromine concentration at the cathode. Activation losses in the analytical model are negligible, and concentration polarization rises along the length of the channel to ensure constant electrode potential. Table I during (a) discharge as the Peclet number is varied from 5,000 to 15,000 and (b) charging as acid concentration is varied from 1 to 3 M. To ensure consistency with realistic operating conditions, no bromine was injected into the cell during charging.
values for the diffusion coefficient of borohydride in sodium hydroxide 62 and data about the channel geometry provided by the authors. 13 The expression for limiting current density provided in Table II estimates limiting current densities of 71 mA/cm 2 and 129 mA/cm 2 , respectively, validating the authors' claim that the system was limited by borohydride diffusion.
Conclusions
This work develops general theoretical principles for the design and operation of membrane-less laminar flow electrochemical cells, and applies these techniques to the HBLFB as an example. Simple analytical results for different flow types, obtained by boundary layer analysis, provide a computationally inexpensive tool to rapidly examine the performance of laminar flow electrochemical cells in general by reducing the number of model parameters down to the minimum necessary to capture the dominant features of the system. Both the numerical and analytical models can be used to fit discharge and charging behavior and to identify the major sources of loss along the length of the channel. Predicted boundary layer profiles are also essential to guide the splitting of the anolyte and catholyte fluid streams leaving the electrode gap. Properly designed systems can reduce mixing and maximize reactant utilization or electrolyzed products, which is of particular importance for rechargeable electrochemical cells such as the HBLFB. These models can be used to aid future design of membrane-less laminar flow electrochemical cells.
Similar models, augmented for bulk reactions, could also be applied to viscous flowable electrodes, as in semi-solid Li-ion flow batteries, 63,64 flow supercapacitors, 65 flow capacitive deionization, 66 and electrochemical sensing. 67 These unconventional cell architectures rely on membrane separators between the flowable electrodes, but in principle, any combination of the three major components of the cell could be designed for laminar cross flow. Understanding the effects of advection-diffusion boundary layer scaling on electrochemical behavior is critical for the efficient and safe operation of such systems.
On a fundamental level, the results of this work are in sharp contrast to the common practice of treating electrochemical cells as quasi one-dimensional, in which case the sources of loss within the system can easily be classified by fitting to polarization curves. When symmetry is broken by cross flow, the local current density and concentration determine the spatial distribution of losses, which strongly vary along the surface of the electrode. Under conditions examined in this work, no single source of loss is dominant along the entire channel. The precise distribution of losses will vary depending on operating conditions and specific cell design, but the general result that the source of loss is highly variable along the length of the electrode is applicable to a wide range membrane-less laminar flow systems. The fact that electrochemical properties vary along the flow channel separating the electrodes, perpendicular to the current, also suggests that standard area-averaged figures of merit do not properly characterize the performance of flow batteries (regardless of whether or not there is a membrane). These metrics, such as the energy or power density per electrode area, should be replaced by other measures, such as coefficients in boundary layer approximations, which better capture the true, nonlinear scaling behavior of these systems.
